The kinematics of a rigid body that undergoes a transition from slipping to rolling without slipping poses considerable difficulties for students. In the experiment described here, a bicycle wheel that was initially spinning freely was placed in contact with a rough surface and a digital film was made of its motion. Using Tracker software for video analysis, we obtained the angular velocity of the wheel and velocity vectors for several points on the wheel, in the frame of reference of the laboratory as well as in a relative frame of reference having as its origin the wheel's center of mass. The velocity of the wheel's point of contact with the floor was also determined, and the time period of transition between sliding and rolling was visually examined. A complete picture of the kinematic state of the wheel in both frames of reference was obtained, which was subsequently compared with a theoretical model. An empirical approach of this sort to problems in mechanics can contribute to overcoming the considerable difficulties they entail.
I. INTRODUCTION
Problems involving rolling without slipping are frequently included in mechanics courses at upper secondary and introductory university education levels. Although the problems appear to be simple, they pose a number of difficulties for students because they require simultaneous application of static and dynamic concepts. Studies on rolling without slipping in the field of Physics Education Research (PER) confirm these difficulties. Some studies demonstrate, for instance, that students have difficulty in recognizing that the direction of the static frictional force on a body that is rolling without slipping does not necessarily oppose the direction of rolling [1, 2] . They also have difficulty determining the direction of velocity at different points on the wheel [3, 4] .
A further degree of difficulty is introduced when problems involve the transition from slipping to rolling without slipping [9] . The equations describing motion and the constraints are different for each of these cases, and students definitely find this more difficult. In this sort of problem, the physical characteristics of the system (for example, the frictional coefficients) must be taken into account, and used together with the initial conditions to derive the equations of motion.
Although such problems are frequently dealt with theoretically in textbooks [5, 6] , they are seldom studied experimentally. The absence of an empirical approach may have a negative effect on learning processes because students may be led to think that the theoretical model has no connection with real life, without actually having tested their preconceptions against experimental evidence. In terms of experimental approaches, there are * alsua@outlook.com † dbaccisi@gmail.com ‡ marti@fisica.edu.uy two worth noting. The first [7] studied the velocity of the center of mass of a cylinder during rolling with and without slipping by means of video analysis with Tracker software [8] . The second [9] focussed specifically on the transition between slipping and rolling.
Here we describe an experiment to determine the angular velocity and the velocity of the center of mass of a wheel which, initially, is spinning freely, and is then put in contact with a rough surface, so that eventually it is rolling without slipping. From these measurements we determined the velocity of the wheel's point of contact with the floor throughout the period of transition from slipping to rolling. We also measured the angular velocity and the velocity of the center of mass once rolling without slipping was established, and we confirmed their relationship with the wheel's radius. Furthermore we studied the velocities at different points on the wheel rim, viewed both from the laboratory frame of reference and from a relative frame of reference with its origin at the wheel's center of mass. This analysis enabled students to visualize and gain intuition into the kinematics of a rigid body that is rolling with and without slipping. In the next Section we describe the theoretical model of the problem and make predictions about the changes of velocity of translation and of rotation of the wheel over time. The experimental set-up, which is basically a bicycle wheel and a digital camera, is described in Section 3. In Section 4 we analyse the results, and in the final Section we present the most important conclusions derived from this study.
II. THEORETICAL MODEL
The model system consists of a bicycle wheel of radius R with initial horizontal angular velocity −ω 0k as depicted in Fig. 1 . The wheel is then placed on a horizontal floor. The velocity of the center of mass, v cm , arXiv:1904.12758v1 [physics.ed-ph] 29 Apr 2019 initially equal to zero, increases (in modulus) while the rim is slipping on the floor. This transition situation takes place over a very short time interval lasting only some tenths of a second, after which the wheel ceases to slip and starts to roll without slipping. Figure 1 . A wheel is made to spin at an angular velocity ω0 and is then placed in contact with the floor (right). Once the wheel is resting on the floor and is released, the center of mass begins to move according to the set of forces acting on it, as represented in the diagram (left).
We shall assume that the mass of the wheel is symmetrically distributed around its physical axis, so that the center of mass coincides with the geometric center (the hub). We shall also assume that both the wheel and the horizontal floor are rigid, that is, that neither is subject to deformation, and that the line of action of the normal force passes through the center of mass, without exerting a torque upon it [10] . Figure 1 shows a free body diagram of the wheel while it is slipping on the floor (left). The forces acting on the wheel are the gravitational force m g, the normal force N and the kinetic frictional force f , which arise from the interaction between the wheel and the floor. If the wheel's center of mass accelerates in the positive direction of the i-axis, the kinetic frictional force must also act in the same positive direction, since it is the only force that acts on the wheel in the direction of motion.
Applying Newton's Second Law to the wheel, it follows that:
where a x is the acceleration along the i-axis. The kinetic frictional force between the wheel and the floor is given by:
where µ is the kinetic frictional coefficient. If the kinetic frictional coefficient between the wheel and the floor is constant, the acceleration of the wheel's center of mass is constant, and therefore the velocity of the center of mass increases linearly with respect to time.
The above-mentioned situation, in accordance with Newton's Second Law of rotation applied to the wheel's center of mass, does not extend indefinitely over time. In our model, the only external force exerting any torque is the kinetic frictional force:
where I is the wheel's moment of inertia. Assuming constant kinetic frictional force, the torque exerted results in constant angular acceleration α acting in the opposite direction to the initial angular velocity ω 0 . Hence the modulus of the angular velocity decreases linearly with respect to time. At a time denoted by t 1 ,when the velocity of the point of contact with the floor is zero in the laboratory frame of reference, the wheel begins to roll without slipping so that both the velocity of the center of mass and the angular velocity remain constant. It is also worth noting that, as can readily be deduced from the equations of motion, when the wheel rolls without slipping, the resultant external force must be zero and therefore the static frictional force (the only force acting in the direction of the horizontal axis) must also be zero. In practice the wheel will not keep on rolling indefinitely because over longer timespans, the rolling resistance that we here chose to neglect, must be taken into account.
iven the velocity of the center of mass and the angular velocity, the velocity of the contact point can be obtained using the distribution of velocities of a rigid body. Generally speaking this relation states that the velocity of any point is the addition of two vectors, one translational, in which all the points on the wheel have the same velocity as the center of mass, and one rotational, where the direction of the velocity of each point on the rim is tangential to the rim
as illustrated in Fig. 2 .
In the laboratory frame of reference, while the wheel is slipping, the velocity of the centre of mass is increasing and the angular velocity is decreasing, the velocity of the point P in contact with the floor is opposite in direction to the wheel's motion and it decreases until it becomes zero when the wheel is rolling without slipping. On the other hand, when viewed in the frame of reference fixed to the wheel's center of mass, point P describes a circular motion that is uniformly decelerated until the wheel is rolling without slipping, when P begins to describe uniform circular motion. In the latter frame of reference, the velocities of different points on the wheel are very simple to calculate, since velocity is tangential to the rim and the modulus decreases over time until the wheel achieves rolling without slipping.
III. EXPERIMENTAL SET-UP
A bicycle wheel (rim, spokes and hub), having a radius of 32 cm, was used. The rim was marked at equal intervals, as shown in Fig. 1 , in order to facilitate automatic tracking of the wheel's motion with Tracker software [9, 11, 12] .
Motion was recorded using a digital video camera. We used a Kodak PlaySport, mounted on a tripod in such a way that its optical axis was at right angles to the plane of movement of the wheel. In order to obtain the clearest possible image, we used spotlights to improve luminosity and increase the camera's shutter speed. The entire process was filmed from the moment when the wheel was placed in contact with the floor, and it was ensured that time elapsed was sufficient for the wheel to start rolling without slipping.
IV. EXPERIMENTAL RESULTS

A. Changes in the velocity of the point of contact over time, and state of rolling without slipping
The velocity distribution for a rigid body, equation 5, allows one to calculate the velocity of any point on the wheel in terms of the velocity of the center of mass, the angular velocity of the wheel and its radius. To obtain the velocity of point Q (Fig. 2) we first used Tracker to determine the velocity of the wheel's center of mass in a frame of reference fixed to the floor, by means of automatic tracking of the hub. Next the motion of a point on the rim of the wheel was tracked, and its angular velocity was determined in a frame of reference fixed to the wheel's center of mass. From these values, the velocity of a point Q on the wheel was derived for all time instants. Figure 3 shows the graph of velocity versus time for the point P in contact with the floor. The timespan includes the slipping stage, which takes place from the moment when the wheel is placed on the floor at time zero, until approximately 0.9s. During that interval, the graph shows a negative value for the velocity component, associated with the direction -î in our coordinate system (Fig. 2) ; this is consistent with the prediction based on our initial conditions. After this instant (0.9s) the result of the new movement (rolling without slipping) is seen, where the velocity at point P is approximately zero. 
B. Velocity profile in both frames of reference
We used Tracker to analyse the changing velocities of six points on the rim of the wheel from the time slipping started until rolling without slipping was established. We did this in the laboratory frame of reference and in a frame of reference with its origin at the wheel's center of mass. Figure 4 shows a sequence of four images in which are represented the velocity vectors at different points on the rim, during the period when slipping is occurring and in the laboratory frame of reference. As expected, the direction of the velocity of the point of the wheel in contact with the floor is opposite to that of the center of mass, and its modulus decreases as time elapses.
Making the wheel's center of mass the origin of a coordinate system -a particularly useful function of Tracker -the sequence of images in Fig. 5 shows how the profile of the velocities develops over time during the slipping phase in the frame of reference centred on the hub. In all these images the velocity vectors are at a tangent to the rim and in each snapshot they are all approximately equal in magnitude. On the other hand, and in accordance with the theory, the modulus of velocity diminishes as time elapses.
Finally, Figs. 6-7 again show the set of velocities of the chosen points on the wheel, in the laboratory frame of reference and in the frame of reference centred on the hub of the wheel, respectively, but this time when the wheel is rolling without slipping. Direct inspection of Fig. 6 shows, as theory predicted, that the velocity of the point of contact with the floor is zero, while the velocity of the highest point of the wheel is twice that of the centre of mass [5, 6] . Figure 7 , on the other hand, shows that the modulus of the velocity at the highest and lowest points are similar to each other and similar, also, to the modulus of the velocity of the centre of mass in the laboratory frame of reference.
V. CONCLUSIONS
We studied the slipping and rolling without slipping motions of a bicycle wheel that was initially spinning freely and was then placed in contact with a rough surface. The behaviour of the wheel was studied throughout the transition from slipping to rolling without slipping. We determined the changes with respect to time of the velocity of the wheel's point of contact with the floor by measuring the velocity of the center of mass and the angular velocity of the wheel. Analysis of these velocity changes allowed the students to develop an understanding of how the velocity of the center of mass and of the angular velocity of the wheel change during the transition until rolling without slipping is established. It also readily allowed determination of how the kinetic frictional force acts in the same direction as the wheel's motion, a fact that students in introductory university courses frequently find hard to accept.
We also studied the changes in velocities over time of several points on the rim of the wheel with respect to the two frames of reference described above. By analysing these changes, the students are able to visualize and better comprehend what the directions of the velocity vec-tors are at different points of the wheel. They are able to observe, for example, how when the wheel is slipping the velocity of the point of the wheel in contact with the floor is in the opposite direction to motion, and they could see visual evidence for the direction of action of the kinetic frictional force. At the same time, they are able to comprehend the nature of the motion of the wheel from the point of view of a frame of reference centered on the wheel hub (the center of mass). This reinforced the idea of thinking about the set of velocities of points on the wheel in the laboratory frame of reference as the addition of two velocity vectors, one translational and one rotational. This concept is fundamental to the understanding of rolling without slipping. Given all of the above, the analysis of the changes over time of the set of velocities can be a very powerful tool to help students overcome certain conceptual difficulties associated with the kinematics of a wheel that is rotating with and without slipping.
All that is required to carry out the experiment we have described are a bicycle wheel, a digital camera and tools to analyse the video. The experiment itself is quick and easy to perform; the results are simple and elegant, and allow the students to take a closer look at a phenomenon that is conceptually difficult. We believe that performing this experiment using active learning strategies can have great educational value. 
